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Overview

Uncertainty Quantification

’ Hypothesis Testing ‘ ’ Forecast Evaluation
Parameter Space Space of Models
Continuous Discrete
Confidence Intervals Model Confidence Sets

Model Confidence Set (MCS): A subset of the model space containing the optimal model.

ETHziirich S o S 2/28



Model Optimality

Set of forecasts My :={1,...,m}.
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Model Optimality

Set of forecasts My :={1,...,m}.

Target: Conditional risk difference

E [Li,t —Lj

]:t71:| = [ijt

where L;, = L(fiz, Y:)-
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Model Optimality

Set of forecasts My := {1,...,m}.

Target: Conditional risk difference

E [Li,t — L.

-thl:| = [ijt

where L; + = L(fi+, Y?).

Set of Optimal Models

If 1:5, does not depend on ¢,

o {Z € Moy <0 forallje Mo}.
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Model Confidence Set (MCS)

Definition of a (1 — a))-MCS
A subset of My such that
P (M* c ﬂl_a) >1-a.

Originally proposed by Hansen et al. (2011).
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Model Confidence Set (MCS)

Definition of a (1 — a))-MCS
A subset of My such that

P (M* c Hl_a) >1-a.
Originally proposed by Hansen et al. (2011).

Assumptions: strict stationarity and a-mixing conditions for d;;+ = Li+ — Lj +.

Methods: CLT = asymptotic test for Ho : u;; = 0 for all 4, j € Mo.
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Outline

2. Sequential Model Confidence Sets
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Strongly Superior Models (inspired by Henzi and Ziegel (2022))

pije = E |:Li,t —Lj

]:t711|

Strongly superior models

M = {i € Mo | pije < Oforallt € Nandall j € Mo}
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Strongly Superior Models (inspired by Henzi and Ziegel (2022))

]:t711|

Lijt = E[Li,t —Lj

Strongly superior models

M= {i€ Mo | pij <0Oforallt € Nandall j € Mo}.

Toy Example
Y1, Y2, - - - g N(0,1) and, fori = 1, ..., m, the forecasting model : outputs

iid. .
i1y L4, 2y -+ Iflv N(O, Z).

Then, for the CRPS loss, 1, < 0forall¢ > 1and all j € M.
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Weakly Superior Models (inspired by Choe and Ramdas (2021))

]:s 1]

1
z]t—gz |:zs_ 7,8

(Uniformly) Weakly superior

M™M= {ie Mo | Ayjy <Oforallt € Nandall j € Mo}

Toy example

Y1, Y2,y - - - b N(0,1) and the models i = 2, ..., m are defined as before. Model i = 1 outputs

N,
L1,1, 1,2y " N(O

1), t¢7N
3), teN
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Sequential Model Confidence Sets

Definition of a Sequential MCS

A sequence (.A//Tl—a,t)teN of subsets of M, such that

P <M* - A//Tl_a,t forallt € N) >1—a.
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Sequential Model Confidence Sets

Definition of a Sequential MCS

A sequence (/\//Tl—a,t)tGN of subsets of M, such that

P <M* - /T/l\l_a,t forallt € N) >1—a.

Goals:
* Non-Asymptotic.
* No stationarity assumptions on the loss differences.
® Time-Uniform Coverage.
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3. Mathematical Tools
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E-processes as Test Statistics

For all models i, j € My, we test the hypothesis
Hij @ fic is better than f;, forallt € N.
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E-processes as Test Statistics

For all models i, j € My, we test the hypothesis
Hij @ fic is better than f;, forallt € N.

* We have an e-process, i.e. a process (E;;,¢);=; such that Py, (supteN Eij > é) < a.

* We compute the average, which is an e-process for H;. := (1] _, Hi;:
1
E;.:= p— ZEij,t
i

* Multiple testing adjustment generalizing Vovk and Wang (2021):

*

1
EL, = i ~N"EB.,
ot Ic{lman}:ieI 1| 26; It
j

.....
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E-processes as Test Statistics

For all models i, j € My, we test the hypothesis
Hij @ fic is better than f;, forallt € N.

* We have an e-process, i.e. a process (E;;,¢);=; such that Py, (supteN Eije > é) <a.

* We compute the average, which is an e-process for #;. := [ Hij:

1
Ei~,t = —m 1 Z Eij,t
J#i
* Multiple testing adjustment generalizing Vovk and Wang (2021):

jEMo

*

1
EL, = i ~N"EB.,
S Py O || Zg; It
J

.....

Construction of the SMCS
./\//Tt:{iEMO|E;.,t<1/a}, t € N.
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4. Implementation
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Strongly superior objects

If di;+ := L:+ — Lj is (conditionally) bounded, a suitable e-process (Henzi and Ziegel, 2022) is

ﬁ[HA Lyl

s=1
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Strongly superior objects

If di;+ := L:+ — Lj is (conditionally) bounded, a suitable e-process (Henzi and Ziegel, 2022) is

t

Bye=]] {1 + As(Liys — Lj,s)} :

s=1

COVID-19 Case Study

* 1-week-ahead quantile forecasts for COVID-19-related deaths in the USA.
e Evaluation with the GPL score S-(z,y) = (1{z > y} — 7) (log z — log y).
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Case Study Results

2021 2022 2023 2021 2022 2023
1=0.5 1=0.7
1 0 A A AR O 0 A A A R
L) Ly
2021 2022 2023 2021 2022 2023

. baseline . MOBS-gleam . PSI-draft . GT-deep . ensemble CDC-ensemble
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Uniformly weakly superior objects
A suitable e-process (Choe and Ramdas, 2021) is

t
Eij ¢ = exp {)\ij Z dij,s — wEﬂC'ij (Aij)vij,t} .

s=1
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Uniformly weakly superior objects

A suitable e-process (Choe and Ramdas, 2021) is

¢
Eijt :=exp {Aij Z dijs — VE,ci; (Aij)Vij,t} .

s=1

Simulation Design

Sample (Y;)i~,, where Y; ~ N (Y;—1,1).

® Consider forecasting models f; ; = N (Yi—1 + &, 1 + §;) for (g;,6;) € {0,40.2,4£0.4, £0.6}>.
Evaluate them with the CRPS.

® The one corresponding to e;, = d;, = 0 is the only optimal one.
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Simulation Results
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Outline

5. Weakly Superior Objects
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Weakly superior objects

Aije =313 E[Lis — Ljs | Fo1]

e Before: M"* := {z € Mo

Aij <Oforallt e Nandall j € /\/lo}.

e Now: MY*:= {z € Mo

A <0forallj e Mo}.
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Weakly superior objects

Aije =313 E[Lis — Ljs | Fo1]

e Before: M"* := {z € Mo

Aij <Oforallt e Nandall j € /\/lo}.

e Now: MY*:= {z € Mo

Ajj: <O0forallje Mo}.

A model can reappear after it has been eliminated.
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Case study on wind gusts

Station 10044, Leuchtturm Kiel: dynamic

HEN 1

BQN A
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EMOS-GB
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2016 2017 2018 2019 2020 2021 2022 2023
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6. Further Empirical Results
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Further Empirical Results

Coverage Rates (N = 1000)

Size of Conf. Set (N = 1000)
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7. Implementation of the SMCS for Weak Superior Objects
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Implementation

Assume that |d;;,| < ¢;;/2.
e Consider M;; (z) = exp {)\ij Zizl dijt — Aijtr — VB, (/\ij)Vij,t}-
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Implementation

Assume that |di;.¢| < ¢;;5/2.
o Consider Mij,t(l') = exp {)\ij Zizl dijﬂ: — /\ijt:p - '(ﬁE,Cl.]. (Aij)‘/ij,t}-
® Average out:

My(X)= —— | Z Mij i (@ij).
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Implementation

Assume that |di;.¢| < ¢;;5/2.
o Consider Mij,t(l') = exp {)\ij Zizl dijﬂ: — /\ijt:p - '(ﬁE,Cl.]. (Aij)‘/ij,t}-
® Average out:

1
Mt(X) = m . Z Mij,t(l’ij)
i,j=1,...,m
i#]

* Invert: C; = {X e R{"™ | My(X) < 1/a}.
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Implementation

Assume that |d;;,| < ¢;;/2.
e Consider Mij,t(l') = exp {)\ij Zizl dijﬂ: — /\ijt:v — 'lﬁE,cij (Aij)‘/ij,t}-
® Average out:

1
= Y M)
M (X) 1 2 e
i,j=1,...,m
i#]
* Invert: C; = {X e R{"™ | My(X) < 1/a}.

® Exclude i € M, from the SMCS |f 37 # i such that

Cen{X € RI™™ | 24 < 0} = 0.
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Implementation

Assume that |d;;,| < ¢;;/2.
e Consider Mij,t(l') = exp {)\ij Zizl dijﬂ: — /\ijt:v — 'lﬁE,cij (Aij)‘/ij,t}-
® Average out:
1
Mt(X) = Tl) Z Mij,t(il?ij).

i,j:‘1,4.“,m
i#]

Invert: C; = {X € Rj"™™ | My(X) < 1/a}.
® Exclude i € M, from the SMCS |f 37 # i such that

Cen{X € RI™™ | 24 < 0} = 0.

e Qutput

. Semine or Sttisics
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Examples of univariate confidence sequences

COVID-19 Forecast Hub: Baseline vs. Ensemble
a=0.1 a=0.25
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8. Further questions
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Open questions

1. Predictable weights for multiple testing?
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Open questions

1. Predictable weights for multiple testing?
2. Better approximation to the maximum than the average.

ETHziirich S T S 26/28



Open questions

1. Predictable weights for multiple testing?
2. Better approximation to the maximum than the average.

|

3. Sequential Model Confidence Sets for Model Selection (with AIC/BIC).
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Open questions

1. Predictable weights for multiple testing?
2. Better approximation to the maximum than the average.

3. Sequential Model Confidence Sets for Model Selection (with AIC/BIC).
4. More general loss functions.
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9. Technical Details
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Why not e-processes for Weakly Superior objects?

The process

Eije =[] [1+ Aodis.s]

s=1
is an e-process only under Hfj = {Q € B(Q) : pus;r < 0forallt € N}, but not under
M. o= {Q € B(Q) : pije < O}
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